The interested reader is directed to the survey by Gupta for further background on this problem [17] .
Recent years, there are many works that extend the Zariski cancellation problem from commutative algebraic geometry to noncommutative projective algebraic geometry, where the cancellation property are studied for centain types of Artin-Schelter regular algebras, which are noncommutative graded analogues of commutative polynomial rings; see references [4, 5, 24, 25] .
In our paper, we consider the original Zariski cancellation problem in a different direction. Instead of generalizing the affine variety Y into a noncommutative algebraic variety, which is represented by a noncommutative algebra as its coordinate ring, we assume Y to have an extra structure, namely we assume that there exists a bivector π ∈ 2 (T Y ) satisfying a vanishing Schouten-Nijenhuis bracket [π, π] = 0. In algebraic terms, Y is an affine Poisson variety whose coordinate ring turns out to be a commutative Poisson algebra. Then we are interested in the following question.
Question 0.2 (Zariski Cancellation Problem for Poisson Algebras). When is a Poisson algebra A cancellative, that is, any isomorphism of Poisson algebras A[t] ∼ = B[t] for another Poisson algebra B implies an isomorphism A ∼ = B as Poisson algebras?
The notion of the Poisson bracket, first introduced by Siméon Denis Poisson, arises naturally in Hamiltonian mechanics and differential geometry. Poisson algebras have become deeply entangled with noncommutative geometry, integrable systems, topological field theories and representation theory of noncommutative algebras. They are essential in the study of the noncommutative discriminant [6, 32] and representation theory of noncommutative algebras [41, 42] . In addition, there has been renewed interest in enveloping algebras of Poisson algebras [26, 27] .
Recently, Adjamagbo-van den Essen [2] proved that the famous Jacobian conjecture for polynomial algebras has an equivalent statement for Poisson algebras. As pointed out by van den Essen [39] , the Zariski cancellation problem (especially in dimension two) is closely related to the Jacobian conjecture. Therefore, one of our motivations is to study the Zariski cancellation problem for Poisson algebras with a potential link to the Poisson version of the Jacobian conjecture.
While we are searching for general methods and techniques in this direction, we find may theories BellZhang developed in the (associative) noncommutative setting [4, 5] can be adapted to the Poisson setting.
In details, their work relies both on the idea of the noncommutative discriminant [7, 8] , as well as the MakarLimanov invariant [29] . Other work on noncommutative Zariski cancellation has focused on path algebras and their quotients [12, 24] , as well as a Morita invariance version [25] .
In Section 1, we provide background on Poisson algebras and related concepts that are critical to our study. Section 2 continues this and introduces the Zariski cancellation problem for Poisson algebras, where we discuss various versions of Poisson cancellation property and the relations between them. In Section 3
we restrict our attention to graded Poisson algebras and establish a graded Poisson version of the Zariski cancellation problem (Theorem 3.7). This is a consequence of the following theorem, which is an analog of a result of Bell and Zhang in the graded (associative) algebra setting [4] . This result is then used to the family of skew quadratic Poisson algebras to obtain all possible isomorphisms between them based on the coefficient matrices given by their Poisson brackets (Theorem 3.8).
Much of our remaining work makes use of the Poisson center and this turns out to be a suitable replacement for the (algebra) center used in [5] . We study the Poisson center and its implications for Poisson cancellation in Section 4.
Theorem 0.4. Let A be a Poisson algebra. [40, 9] there are commutative domains of Krull dimension two that are not cancellative.
It is well-known that locally nilpotent derivations are important in the study of cancellation. In particular, this is the crux of the work of Makar-Limanov [29] . Bell-Zhang exploit these ideas to great effect in the their work on cancellation [5] . We further these ideas in the Poisson setting, establishing a connection between locally nilpotent Poisson derivations and Poisson cancellation in Section 5. In positive characteristic, we can prove the similar result by replacing Poisson derivations by higher
Poisson derivations introduced by Launois-Lecoutre [22] .
In Section 6 we introduce the Poisson discriminant as well as the notion of effectiveness for these discriminants. We show that the effectiveness controls the locally nilpotent Poisson derivations, which in the noncommutative setting was first observed by when discriminants are defined for those noncommutative algebras that are module-finite over their centers. It is important to mention that for Poisson algebras in characteristic zero, their Poisson centers are usually not large enough for us to emulate the definition of discriminants for noncommutative algebras by simply replacing the algebraic center by Poisson center. Hence, we follow the idea in [25, §2] to introduce the notion of Poisson discriminant from the representation theoretic point of view. This is then leveraged to study a variety of cancellation results related to Poisson algebras for which we can identify a discriminant relative to some property of Poisson algebras. We give two specific examples: one is the affine space A 3 with a nontrivial unimodular Poisson bracket (Example 6.16) and the other is derived from the Poisson order on a PI three-dimensional Sklyanin algebra (Example 6.17).
Finally, in Section 7, we discuss the relations between various concepts we introduce in this paper related to the Zariski cancellation problem for Poisson algebras. We further post several open questions that are continuations of the topics that are covered in this paper.
Acknowledgements. Part of this research work was done during the second author's visit to the Department of Mathematics at Miami University in March 2019. He is grateful for the first author's invitation and wishes to thank Miami University for its hospitality. The authors would also like to thank Jason Bell and James Zhang for helpful conversations and suggestions.
Preliminaries
Throughout the paper, we work over a base field k. Many of our results still work when k is only a commutative domain. At times we will need to restrict to characteristic zero but we do not make this a standing hypothesis.
Poisson algebras.
A Poisson algebra (over k) is a commutative k-algebra A equipped with a bilinear product {, } : A × A → A, called a Poisson bracket, such that A is a Lie algebra under {, } and, for all a ∈ A, the map {a, −} : A → A is a k-derivation of A. Denote the Poisson center of A by Z P (A) = {z ∈ A : {z, a} = 0 for all a ∈ A}.
A homomorphism φ : A → B of Poisson algebras is an algebra homomorphism such that for all a 1 , a 2 ∈ A,
An isomorphism of Poisson algebras is a bijective Poisson homomorphism.
Poisson algebra with bracket {a + I, b + I} = {a, b} + I for all a + I, b + I ∈ A/I.
The Gelfand-Kirillov (GK) dimension of an affine Poisson algebra A (or more generally, a k-affine associative algebra A) is defined to be
where V varies over all finite dimensional k-vector subspaces of A. If A is affine commutative, then
GKdim A = Kdim A [21, Theorem 4.5], where Kdim A denotes the Krull dimension of A.
Locally nilpotent (Poisson) derivations.
Denote the space of k-derivations (resp. locally nilpotent k-derivations) of an algebra A by Der(A) (resp. LND(A)). A higher derivation (or Hasse-Schmidt derivation)
on A is a sequence of k-linear endomorphisms ∂ :
for all a, b ∈ A and all n ≥ 0. The collection of higher derivations is denoted by Der H (A). A higher derivation
(1) for all a ∈ A there exists n ≥ 0 such that ∂ i (a) = 0 for all i ≥ n,
The collection of locally nilpotent higher derivations is denoted by LND H (A).
A derivation α of a Poisson algebra A is called a Poisson derivation if
We denote the space of Poisson derivations of A by PDer(A) and the space of locally nilpotent Poisson derivations of A by PLND(A). Thus, we have the inclusions PDer(A) ⊂ Der(A) and PLND(A) ⊂ LND(A).
If, in addition, ∂ is locally nilpotent and the map G ∂,t defined above is a Poisson algebra automorphism, then ∂ is said to be a locally nilpotent higher Poisson derivation. We denote the collection of locally nilpotent higher Poisson derivations by PLND H (A).
Extensions of Poisson algebras.
If A and B are Poisson algebras, then there is a natural Poisson structure on A ⊗ B defined by extending linearly the bracket
Thus, the polynomial algebra
has a natural bracket, extending the bracket on A, defined by setting {t, a} = 0 for all a ∈ A. We will often identify A and B with their images under the embeddings A ֒→ A ⊗ B and B ֒→ A ⊗ B, respectively. Lemma 1.1. Let A be a Poisson algebra, and let R be an affine Poisson algebra with trivial Poisson bracket.
It follows that the r k component is nonzero and so
Also there is a natural Poisson structure on A B defined by extending linearly the bracket
Suppose e is an idempotent of A. Then A can decomposed into a direct sum A = Ae ⊕ A(1 − e) where Ae and A(1 − e) can be considered as Poisson algebras inheriting the Poisson bracket from A.
Let A be a Poisson algebra, and α a Poisson derivation of A. A linear map δ : A → A is called a Poisson
1.4. Filtered and graded Poisson algebras. An Poisson N-filtration F on a Poisson algebra A is a collection of subspaces {F i A} i≥0 such that
Poisson algebra with a connected Poisson filtration F , then the associated graded Poisson algebra gr F (A) is defined as
We drop the subscript if the filtration is implied. We denote the corresponding associated graded Poisson algebra by gr I (A).
When gr F A = A for some (connected) filtration, then A is said to be (connected( graded and in this case we generally write A i for F i A/F i−1 A. Additionally, we say a connected graded Poisson algebra A is generated in degree one if A is generated by A 1 as an k-algebra. 
In the special case that 
is an isomorphism, where we have
If A ⊗ B were universally Poisson cancellative, it would imply that A ⊗ B ∼ = B ⊗ C and hence Definition 2.5. Let A be a Poisson algebra with Poisson center Z P = Z P (A).
(1) We say A is strongly Poisson detectable (resp. strongly Z P -detectable) if, for any Poisson algebra B and any integer n ≥ 1, a Poisson algebra isomorphism φ :
(2) We say that A is strongly Poisson retractable (resp. strongly Z P -retractable) if, for any Poisson algebra B and integer n ≥ 1, any Poisson algebra isomorphism φ :
If either holds only when n = 1, then we say A is simply Poisson detectable (resp. Z P -detectable) or Poisson retractable (resp. Z P -retractable).
The following observation is clear. (4) If Z P is (strongly) retractable as an algebra, then A is (strongly) Z P -retractable.
(5) If Z P is (strongly) detectable as an algebra, then A is (strongly) Z P -detectable.
Proof. Here we only show (3) and all the remaining are easy to verify. Let φ :
be an isomorphism for some Poisson algebra B and some n ≥ 1. Then φ induces an isomorphism between their Poisson centers:
Since A is (strongly) Z P -detectable, we have
Hence A is (strongly) Poisson detectable.
Lemma 2.7. The following properties of Poisson algebras are preserved under finite direct sums:
(1) being (strongly) Poisson cancellative;
(2) being (strongly) Poisson retractable; (3) being (strongly) Z P -retractable; (4) being (strongly) Poisson dectectable;
(5) being (strongly) Z P -detectable.
Proof. We only prove (1) and (2)- (5) some Poisson algebra C and some n ≥ 1. Let e 1 , e 2 be the two orthogonal idempotents corresponding to the decomposition A B. One can check that φ(e 1 ) and φ(e 2 ) give two orthogonal idempotents inside B. Write the corresponding decomposition of C as C 1 C 2 . So, φ induces two isomorphisms φ 1 :
Isomorphism problem for connected graded Poisson algebras
In this section, we deal with the PZCP related to connected graded Poisson algebras following the ideas in [4] . To do this, we study the isomorphism problem for graded Poisson algebras. There has been significant progress in studying this problem in a variety of noncommutative situations [3, 4, 10, 11, 14, 23] . By [4, Theorem 1], an (ungraded) isomorphism between two connected graded algebras finitely generated in degree one implies the existence of a graded isomorphism. We prove a corresponding result in the Poisson setting. 
Moreover, B ≥1 is the unique codimension 1 Poisson ideal with tangent dimension d in B. Denote I = A ≥1
The following result uses the proof of the isomorphism lemma [4, Theorem 1] for commutative algebras.
For the sake of completeness, we will provide the adapted version of the proof in the commutative case. 
Poisson ideal in B. By changing bases, without loss of generality, we can write
where y
. Then we are done by taking the associated graded Poisson algebras with respect to their augmentation ideals. Now we assume α d = 0. We first show the following two claims together by induction on the degree
Claims I and II are trivial for N = 0, 1. Suppose they hold for N ≤ m − 1. Now let r(x 1 , . . . , x d ) be a homogeneous relation of degree m in A. Write
where g s (x 1 , . . . , x d−1 ) is a homogeneous term in A of degree m − s. Let s 0 be the largest integer such that
. By equation (3), the lowest degree term of 
In conclusion, if a Poisson algebra isomorphism φ : A → B satisfies Equation (3), then
It remains to show that φ({p, q}) = { φ(p), φ(q)} for all homogeneous elements p, q ∈ A. We will proceed by induction on the total degree n = deg(p) + deg(q). If n ≤ 1, it is trivial. If n = 2, without loss of generality, we can assume p = x i , q = x j . Because the Poisson bracket is homogeneous, we can write
for some b i , c ∈ k and r(x 1 , . . . , x d−1 ) ∈ A 2 . Applying the Poisson isomorphism φ in (3) to the above equation, we get
Since the left hand side is of degree ≥ 2, the degree 0 part of the right hand side yields that cα 
Finally, suppose that n ≥ 2. We can write p = x i b with deg(b) + deg(q) < n. Note that φ is an algebra map and by induction hypothesis we have
This completes our proof.
The original isomorphism lemma for connected graded algebras has been generalized for graded path algebras [12] . We expect that our result above can be extended to graded path Poisson algebras as well. The following corollaries are immediate consequences of the isomorphism lemma for connected graded Poisson algebras.
Corollary 3.5. Suppose that a Poisson algebra A has two graded Poisson algebra decompositions such that
We will use Aut P (A) (resp. Aut grP (A)) to denote the group of all (graded) Poisson automorphisms of a (graded) Poisson algebra A. Theorem 3.7. Let A and B be two connected graded Poisson algebras finitely generated in degree one. 
Modulo s i and t i we obtain an induced Poisson
The following isomorphism problem between quadratic Poisson algebras can be viewed as the semiclassical limit version of the same isomorphism problem for skew polynomial algebras, which was studied in [4] . Proof. First of all, we show under the restrictions on λ ij that for any f ∈ A 1 , (f ) is a Poisson ideal if and only if f = cx i for some scalar c ∈ k. One direction is clear. Conversely, let f = a i x i ∈ A 1 where the coefficients for at least two variables are not zero. We need to show that (f ) is not a Poisson ideal. Without loss of generality, we can take a 1 = a 2 = 1. Suppose it is not true. Then for all i we can write
for some scalars b j ∈ k. Take the above identity in the quotient Poisson algebra
The same argument as before shows that (λ ij − b i )a j = 0 for all i, j. Let j = 1, 2. Then λ i1 = λ i2 = b i for all i. In particular, λ 12 = λ 11 = 0, which contradicts the assumptions on λ ij .
Next, by Theorem 3.3, A is isomorphic to B as graded Poisson algebras. In particular, n = m. Let φ : B → A be such a graded Poisson isomorphism. Since (φ(x i )) are Poisson ideals in A generated by one degree one element, by the above discussion, φ(x i ) = c i x σ(i) for some c i ∈ k and some permutation σ ∈ S n .
Up to an elementary change of basis of A, φ sends x i to x i for all i. The result follows.
Artinian center versus cancellation
In this section, we prove that if a Poisson algebra A has artinian Poisson center, then A is strongly Poisson cancellative. As an application, we will show Poisson domains of Krull dimension two with nontrivial Poisson bracket are universally Poisson cancellative.
Lemma 4.1. Let A be a Poisson algebra over k, and k ′ /k be any field extension.
(
. . , s n ] be an isomorphism for some Poisson algebra B over k and
Because k ′ /k is flat, we get B[φ(t 1 ), . . . , φ(t n )] = B[s 1 , . . . , s n ] and A is (strongly) Poisson detectable.
(2) can be proved similarly noting that
A Repeating this we get 
So A is (strongly) Poisson cancellative.
(2) is from (1) and Lemma 2.6(3).
(3) is from (3) and Lemma 2.6(2). 
Since φ restricts to an isomorphism of the Poisson centers, we have R ∼ = Z P (B) ⊗ R. Thus, Z P (B) is a domain with trivial bracket and Kdim(Z P (B)) = 0. It follows that Z P (B) is a field and since I is a Poisson ideal such that R/I = k, then Z P (B) = k and so Z P (B ⊗ R) = R. We then have an induced isomorphism In particular, if k is algebraically closed. The above argument shows that Z P (A) = k. We now can apply Theorem 4.5 to include the proof. (1) Let char(k) = 0. The nth Poisson symplectic algebra is P n = k[x 1 , . . . , x n , y 1 , . . . , y n ] with the Poisson
It is straightforward to check that Z P (P n ) = k. Hence, P n is universally Poisson cancellative. So A is strongly Poisson cancellative.
The Makar-Limanov invariant and retractability
In order to study the retractable property of Poisson algebras, we introduce an analogue of the MakarLimanov invariant related to higher locally nilpotent Poisson derivations.
Definition 5.1. Let A be a Poisson algebra with Poisson center Z P , let 0 = d ∈ Z P , and let * be either blank or H.
(1) For a higher Poisson derivation ∂ = (∂ i ) ∞ i=0 , the kernel of ∂ is defined to be
(2) The set of all (higher) locally nilpotent Poisson derivations of A with respective to d is denoted as
ker(∂).
, for all n ≥ 1.
Remark 5.2. There are some comments regarding the above definitions.
(1) Throughout, * will be either blank or H. When * is blank, we will further assume that char(k) = 0. (1) Suppose ∂ is locally nilpotent. For every c ∈ k, G c∂ :
Note that there is an embedding from PDer(A) to PDer
Poisson algebra automorphism of A.
(2) If ∂ is iterative and for any a ∈ A there exists n ≥ 0 such that ∂ i (a) = 0 for all i ≥ n, then
and t → t is a Poisson algebra automorphism. As a a consequence, ∂ is locally nilpotent.
(3) Let G : A[t] → A[t] be a Poisson k[t]-algebra automorphism and if G(a) ≡ a mod (t) for all a ∈ A,
then G = G ∂,t for some ∂ ∈ PLND H (A).
Proof. (1) By definition, G ∂,t is a Poisson algebra automorphism of A[t] and G D,t (t − c) = t − c. Note that (t − c) is a Poisson ideal of A[t]. Then it yields a Poisson algebra automorphism of A[t]/(t − c). One sees
that the induced automorphism is exactly G c∂ .
(2) By [5, Lemma 2.2], G ∂,t is an algebra automorphism of A with inverse given by G ∂,−t . It remains to
show that G ∂,t is a Poisson algebra homomorphism, which follows from
In a similar way to the first part of the proof of (2), we have (1) 
. As in (2), we get φ(Z P (A)) = Z P (B) and A is strongly Z P -retractable. The proof of (3) is analogous.
Our main result in this section shows that PLND-rigidity implies Poisson cancellation, which suggests that the Poisson Makar-Limanov invariant is a useful invariant in the PZCP.
Theorem 5.8. Let A be a Poisson algebra. Hence, E is a Poisson subalgebra of Q(A).
By hypothesis, α is nonzero and locally nilpotent, and so there exists x ∈ Q(A)\E such that α(x) ∈ E.
Moreover, we may choose x such that α(x) = 1. Thus, for all a ∈ E, α({x, a}) = {α(x), a} = {1, a} = 0.
In particular, {x, −} induces a derivation δ 0 of E. by the Jacobi identity, δ 0 ({u, v}) = {x, {u, v}} = −{u, {v, x}} − {v, {x, u}}
Hence, {x, −} induces a Poisson derivation δ 0 of E.
Let W = {a ∈ Q(A) : α n (a) = 0 for some n ≥ 0}. Denote by W ′ the subalgebra of Q(A) generated by
suffices to show that W ⊆ W ′ . Let a ∈ W and let n be the smallest integer such that α n (a) = 0. When n = 0, a ∈ E and the claim holds and so we proceed inductively. Assume the result holds for all j < n.
Take α n (a) = 0 and write α n−1 (a) = r ∈ E with r = 0 and α(r) = 0. But α n−1 (rx n−1 /(n − 1)!) = r so α n−1 (a − rx n−1 /(n − 1)!) = 0. Now rx n−1 /(n − 1)! ∈ Ex n−1 and so W = W ′ .
As α ∈ PLND(A), then A ⊂ W . Thus, A embeds in the Poisson subalgebra W . Since {x, a} = δ 0 (a) for all a ∈ E, then W is isomorphic to a homomorphic image of the Poisson Ore extension E[x; 0, δ 0 ] P . Let I denote the kernel of this image and choose a monic element of minimal x-degree,
This contradicts the minimality of d unless d = 0. Thus, A embeds in W ∼ = E[x; 0, δ 0 ] P . Finally, the remaining of the statements are easy to check by our construction. Proof. It is clear that β is k-linear because α is and it is easy to check that β is a derivation of A. We show that β is a Poisson derivation.
Let a, b ∈ A. We use the notation α(a) m to denote the coefficient of x m in α(a). Then
Lemma 5.11. Let char(k) = 0 and let A be any Poisson algebra with some 0 = d ∈ Z P (A).
Proof. for some β ∈ PDer(A) and β(d) = 0. We consider three cases depending on the image of x under α. It will follow from these cases that α(A) = 0.
In this case we have α( Case 2 α(x) = bx m+1 + lower degree terms for some b = 0 in A.
Since {x, a} = 0 then we have 0 = α({x, a}) = {α(x), a} + {x, α(a)} = {bx m+1 + lower degree terms, a} + {x, β(a)x m + lower degree terms } = {b, a}x m+1 . Lemma 4 .11], α ′ ∈ Der(A). We need only check that α ′ is a Poisson derivation.
Thus Case 3 α(x) = bx i + lower degree terms for some b = 0 in A and some i > m + 1. We see the following holds in this case
for all n ≥ 2. So α can not be locally nilpotent, which is a contradiction.
Combining all above cases, we see that α(A) = 0.
(2) can be proved similarly noting that any Poisson derivation of A preserves its Poisson center Z P (A).
Theorem 5.12. Let char(k) = 0 and let A be a Poisson algebra.
(1) Suppose A is an affine domain. If A is (strongly) PLND-rigid, then A is (strongly) Poisson cancellative.
(2) Suppose A is noetherian and Z P (A) is an affine domain. If A is (strongly) PLND ZP -rigid, then A is (strongly) Poisson cancellative.
Proof. Note that affiness implies noetherianess and finite Krull dimension. Then the results follow from Theorem 5.8 and Lemma 5.11.
Poisson discriminant and effectiveness
For noncommutative algebras that are module-finite over their center, the notion of discriminant has bee introduced to compute their automorphism groups [5, 7, 8] . In this section, we study the Poisson version of the discriminant and its relations with PZCP and Poisson automorphism groups. Let A be a Poisson algebra. We denote by A × the set of units of A. It is easy to observe that Poisson algebras in characteristic zero usually do not possess large Poisson center. Therefore, we introduce the Poisson discriminant from a representation theoretic point of view following [25, §2] .
By a Property P we mean a property that is invariant under isomorphism within a class of algebras, herein we generally assume this is the class of Poisson algebras.
Definition 6.1. Let A be a Poisson algebra and let Z P = Z P (A). Let P be a property defined for Poisson algebras. We define the following terms for sets/ideals in A.
(1) (P-locus) L P (A) := {m ∈ MaxSpec(Z P ) : A/mA has property P}.
In the case that I P (A) is a principal ideal, generated by d ∈ Z P , then d is called the P-discriminant of A, then the S-locus is {m α : α = 0}, the S-discriminant exists, and d S (H) = t.
Definition 6.3. Let C be a class of Poisson k-algebras. We say that P is C-stable if for every Poisson algebra A in C and every n ≥ 1,
is a singleton {A}, we say P is A-stable. On the other hand, if C is the collection of all Poisson k-algebras with affine Poisson center over k, we say P is stable.
The next lemma follows directly from Definition 6.1.
Lemma 6.4. Let P be a property. If φ : A → B is an isomorphism of Poisson algebras, then φ preserves the P-locus, P-discriminant set, P-discriminant ideal, and, if it exists, the P-discriminant.
Lemma 6.5. Let k be algebraically closed. Then any property P is stable. 
Proof. We prove (4) . The proofs of (1)- (3) Note that the property P is stable and the P-discriminant ideal is invariant under Poisson isomorphism by Lemma 6.4. Write 1 as the identity element in k[t 1 , . . . , t n ]. Hence we have
Thus, I P (B) = (d ′ ) where d ′ is the P-discriminant of B. Moreover, the above computation implies that 
where the last inclusion follows from Lemma 5.5. By Lemma 5.6, φ(Z P (A)) = Z P (B) and A is strongly
Theorem 6.7. Let A be a Poisson algebra with affine Poisson center Z P = Z P (A). Let P be a stable property and assume that the P-discriminant d = d P (A) of A exists. The key difference there is that the testing algebra should be PI. In our case, that is not necessary because we assume that every algebra is commutative. 
is an algebraic algebra that fits into an exact sequence
for some finite group S.
Example 6.13. Let A = C[x, y, z] be the Poisson algebra whose Poisson bracket is of Jacobian form given by the potential f = x 2 − yz such that
Since f is homogeneous of isolated singularity at origin, we know Z P (A) = C[f ] by [35, Proposition 4.2] . Let P be the property such that the symplectic foliation appearing in the maximal spectrum has no 0 dimensional skeletons. It is clear that A/(f − λ) has property P for any λ ∈ C if and only if it has no maximal ideal that is also a Poisson ideal. One checks that the zero ideal is the only maximal ideal of A that is also a Poisson ideal. Hence the P-discriminant of A is given by d = f . We know f = x 2 − yz is neither effective nor Poisson effective in A since Aut P (A) contains Nagata's wild automorphism σ [31] defined by
On the contrary, f is (Poisson) effective in the Poisson center Z P (A) = C[f ], which implies that A is strongly
Poisson cancellative.
Lemma 6.14. Let A be a Poisson algebra with affine Poisson center Z P = Z P (A). Let P be any stable property and assume that the P-discriminant d = d P (A) of A exists.
(1) Suppose A is an affine domain. If d is effective (respectively, Poisson effective) in A, then A is
Proof. We will only prove (1), and the proof of (2) 
Since d is (Poisson) effective in A, it implies that A has a (Poisson) N-filtration which naturally induces a filtration on its extension T := A[t 1 , . . . , t n ][t] by assigning arbitrary degrees on t 1 , . . . , t n and t. It is easy to see
we must have
Theorem 6.15. Let A be a Poisson algebra with affine Poisson center Z P = Z P (A). Let P be any stable property and assume that the P-discriminant d = d P (A) of A exists.
(1) Suppose A is an affine domain. If d is effective (respectively, Poisson effective) in A, then A is strongly Poisson cancellative.
(2) Suppose A is noetherian and Z P is a domain. If d is effective in Z P , then A is strongly Poisson cancellative.
Proof. The result follows from Lemma 6.14 and Theorem 6.7(2,4). 
which is a finite set of points. Hence the P-discriminant of A is given by
is a nonzero element in
, which is effective in Z P (A) by Exercise 6.11 (1) . So A is always strongly Poisson cancellative according to Theorem 6.15(2).
Example 6.17. Let S be a three-dimensional Sklyanin algebra over an algebraically closed field k of characteristic zero that is module-finite over its center Z. Let (E, L , σ) be the associated geometric data of S.
It is well-known that S has a central regular element g of degree three and S/gS ∼ = B = B(E, L , σ), the twisted homogeneous coordinate ring of (E, L , σ). In the PI case, |σ| < ∞ and B is a GK dimension two domain that is module-finite over its center Z(B) ∼ = Z/gZ. It is proved in [41, Proposition 5.5(1)] that there exists a unique nonzero Poisson structure (up to scalars) on Z if we assume g to be in the Poisson center.
We can show that Z is strongly Poisson cancellative. We observe that
is a Poisson domain of Krull dimension two, so Z/gZ has trivial Poisson center by Corollary 4.6. Then an easy induction on degree of homogeneous elements in Z P (Z) by passing to Z P (Z/gZ) = k yields the result. Now let P be the property of having no or at least two 0 dimensional symplectic core skeletons in the symplectic core stratification of the corresponding maximal spectrum. Then [41, Theorem 1.3] shows that the P-discriminant of Z is exactly given by g. Hence Z is strongly Poisson cancellative by Theorem 6.15(2).
Remarks and Questions
In this last section, we provide some remarks and questions for future projects. First of all, we summarize the related concepts that are introduced in our paper to the PZCP. is called the semiclassical limit of the family of (noncommutative) algebras (R α ) α∈k , where R α := R/( −α)R. 
